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- - - , Abstract 

', We express the actions of a super-p-brane, in the flat and in the curved superspaces, 

. in terms of the Nambu p+l-brackets. Therefore, due to these brackets, the p+ 1-algebra 

> ■ 

Q ■ structure for super-p-brane is manifested. 
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1 Introduction 



Recent studies reveal that M2-branes have a description in terms of a 3-algebra, a general- 
ization of a Lie algebra based on an antisymmetric triple product structure [1, 2, 3, 4]. That 
is, 3-algebra relations have played an important role in the construction of the worldvolume 
theories of multiple M2-branes which have attracted a great deal of attention [1, 2, 3, 4, 5, 6]. 
However, correspondence of 2-algebra to the string theory and 3-algebra to the TW-theory 
can be understood from the dimensions of the string worldsheet and membrane worldvolume, 
as discussed in [6] . These imply that the description of the super-p-brane theory may require 
pH- 1-algebra structure. In addition, the authors of Ref. [7] observed that there is an infinite 
dimensional volume preserving algebra of super-p-branes. This may be also related to the 
p + 1-algebra structure. 

Therefore, we consider super-p-branes. The cases of p—1 and p—2 have been worked out 
in [6] . In the present paper, we generalize these results to generic values of p. That is, we 
study the super-p-branes on the basis of the p + 1-algebra. In other words, we expand the 
covariant actions of a super-p-brane, in the flat and in the curved superspaces, in terms of 
the Nambu p -|- 1-brackets. Note that the Nambu n-brackets are a way for realizing the Lie 
n-algebra [8], which was developed by Fihppov [9]. For the flat case, this reconstruction of 
the action enables us to also reformulate it in terms of two sets of differential forms. 

This paper is organized as follows. In section 2, we reconstruct a covariant, p+ 1-algebra 
based action for a super-p-brane in the flat superspace. In section 3, we reformulate the 
super-p-brane action in the curved superspace in terms of the p -|- 1-algebra. Section 4 is 
devoted to the conclusions. 



2 The super-p-brane in the flat superspace, on the ba- 
sis of the p + 1-algebra 

2.1 The action 

For the p -|- 1-algebra description of a super-p-brane propagating in the D-dimensional flat 
spacetime we begin with the following action [10], 




(1) 
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2(p+l)! 
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The Lagrangian L\ is the Schild type [11], i.e., to take off the square root of the Nambu-Goto 
action the auxiUary scalar field has been introduced. £2 is the Wess-Zumino Lagrangian. 
The degrees of freedom are: the spacetime coordinates X^, the Majorana spinor Q and the 
scalar field 0. The indices /xi, • • •, /Xp+i e {0, 1, ■ ■ ■, D — 1} belong to the spacetime, while 
^i;^2 ■ V+i G {0, 1, • • -jP} indicate the p + 1 directions of the brane worldvolume. The 
worldvolume coordinates are cr*. The Dirac matrices are denoted by F'^s. The metric of the 
spacetime is 77^,/ = diag(— 1, 1, • • -,1). The tension of the brane is given by the constant T^. 
The variable Ilf has the definition 

nf = diX^ - iBY^diB, (3) 

which is supersymmetry invariant pull-back. In addition, we define 

(n^i , • • • , n'^f +1 ) = e^i^^-wi n^^i • • • nf;+^' , (4) 

which is totally anti-symmetric. 

2.2 Equations of motion and symmetries 

For the fields 0, and Q the equations of motion are as in the following [7] , 

[1 - {-lyrpdiO = 0, (5) 

where the induced metric gij is given by 

= U^U-<n^,. (6) 
The determinant of this metric is denoted hy g = detgij, which is 

In addition, the matrices F*, F*-' and F have the definitions 

r = g'^r,n>;, 

C_1Vp-2)(p-5)/4 
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The matrix F satisfies = 1. 

Eliminating the auxihary field (p through its equation of motion, the action (1) reduces 
to the action of [10]. However, we shall see that the equations of motion have expressions in 
terms of the p + 1- algebra. 

In addition to the world volume diffeomorphism invariance, the action also is invariant 
under the following transformations 

Se = e, 6X'' = ieT''e, 50=0, (9) 

and 

5,e = [1 + (0/v^)r]«((7), 5,x^ = ier^5,e, 5,(t> = Ai4>g'mtdjeT^K{a). (lo) 

The supersymmetry parameters e and k are spinors of the D-dimensional spacetime. The 
former is constant and the later is local. These transformations are agree with [6] . 

2.3 The action on the basis of the p + 1-algebra 

The Nambu p + 1-bracket of the variables 0i, • • •, 0p_|_i is defined by 

{01, • • •, 0p+i}n.b = e''-'^+'di,(t>i ■ ■ ■ di^^,<j)p+i. (11) 
Therefore, in terms of the Nambu brackets Eq. (4) takes the form 
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+iP+l(_l)(P+l){P+2)/2^^^^^^ . . . (F'^2^)"2, • • •, (F'^-+i^)"-+i}n.B 



n=0 



N.B 



(12) 



where the bracket [/^i, • • •, /^p+i] indicates the anti-symmetrization of the indices. 
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Introducing Eq. (12) into the equations of motion (5) and the Lagrangian L\ we obtain 
the p + 1-algebra expressions of them. The exphcit form of L\ is 

p+ 1 \ / p+ 1 



n 



m 



p+i p+i 

Xr+-(_l)(-+")(-+"+l)/2^^^ . . . 0^J^^ ...0^^ 



1 

2' 



(13) 



After removing the coefficients Bi^...i^^^ the Lagrangian C2 becomes [12], 



V 



(p+1)! 



X 



p 

r=0 



P+l 

r+1 



where 77 is 



(p_l)(p+6)/4 



(14) 



(15) 



In a similar fashion to Ci, the Lagrangian £2 in terms of the Nambu brackets has the 
following expansion 



Co 



^ P P-r 



(p+i) 



r=Q m=0 



r + 1 



p — r 
m 



Ctr + m+1 



(16) 



where i^^^.m is 



Kr,m =P+^{p-l){p + Q) + ^[r{r -l) + ip-r-m){p + r-m + 1)]. (17) 

Let = {X^, 9°') denote the coordinates of the target space of the super-p-brane. The 
worldvolume form 3^^...^^^^ is pull-back, i.e., 



(18) 



where -Bmp+i- -Mi are components of a p + 1-form potential in the superspace. Therefore, the 
other p + 1-algebra expression of £2 is 

2 - -7M1 



{p +T)! ■ ■ ^''^"')N.Bi3M,+,...M,. (19) 

According to (13), (16) and (19) all the derivatives have been absorbed in the Nambu 
p + 1-brackets. Thus, the p + 1-algebra structure is manifested. 
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2.4 The action in terms of the differential forms 

The p+l-algebra description of a super-p-brane enables us to write the action Sp = S^^^ +S^^^ 
in the language of differential forms 

^ n=Om=0 V / \ / 

Z Jw.v. 

S?^--TptT.{{''^ i^--^\-ir^- [ C^r,m)U], (20) 

r=o m=o i-yr + iyy m y Jw-v. ) 

where the restriction |^ means pull-back of the wedge-products on the worldvolume of the 
super-p-brane. The differential p + 1-forms are defined by 



(^y[Mi A • • • A A dXi'^+' A • • • A dX'^^+^l, 

1 



C(r,m) = ^ —dY^"^ A ■ ■ ■ A rfr^'- A A ■ ■ ■ A dX^^+^ 



AdY'''^+'-+' A • • • A dr''^ A dZ^^...^^. (21) 
The variable Y^ and the anti-symmetric tensor Z^^...^^ are given by 

According to these, the wedge-products define differential forms in the superspace. 

Since {X^{t\ ct^, • • •, cr^)} \}{Q"'{t\ a^,- ■ ■, cr^)} are coordinates of the worldvolume of the 
super-p-brane in the superspace, the actions S^^ and 5*^^^ imply that the super-p-brane is 
coupled to the potential forms {74(^ „)|m, n = 0, 1, • • •,p -|- 1} and {C(j.^^)|m = 0, 1, • • •,p — 
r; r = 0, l,---,p}. 

3 The super-p-brane in the curved superspace 

Assume the target space of the super-p-brane to be a curved supermanifold with E-^{Z) as 
its corresponding supervielbeins. The A — a, a are the tangent space indices. Then the 
super-p-brane action is given by 

7, = -TpJ d^+'a(^^-det(EfE^n,,) + . . . Ef;^\' Ba,^,...a,), (23) 
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where 

Et = d.Z'^Ei, (24) 

is the puU-back of the supervielbeins E^. The field Baj^^^-.-aAZ) is the superspace p+l-form 
potential. In fact, due to the K-symmetry of the action, only special values of p and D are 
allowable, see [13] and references therein. 

In this action the p + 1-algebra also can be introduced. Since we have 

{E"' , • • • , E'^^'+i ) = 6''-'"+' Ell ■ ■ ■ Et^+i ' (25) 
the action (20) can be reformulated in terms of the Nambu p + 1-brackets 
- -Tp J d^^'a{ ( - j^Et^^ . . . EX:,El . . . eY^I^ 

+ • • • ^tU^'^S • • ^^^^^}n.bS^,,,...a,}. (26) 

The novelty of this reformulation is the appearance of the p + 1-algebra. 



4 Conclusions 

In the first part of this manuscript for a super-p-brane in the fiat superspace, we expressed 
its action and the corresponding equations of motion in terms of the Nambu p + 1-brackets. 
In the second part, for a super-p-brane which lives in the curved superspace, we obtained 
the Nambu p + 1-bracket expression of the action. 

In both cases all the derivatives appeared through the Nambu p + 1-brackets and hence 
it manifested the p + 1-algebra structure for the super-p-brane theory. This is related to the 
facts that: 1) the (supersymmetric) p-brane action is invariant under the p -|- 1-dimensional 
diffeomorphisms and 2) the Nambu p -|- 1-brackets are generators of the p -|- 1-dimensional 
diffeomorphisms . 

Finally for the flat superspace, we found two sets of the differential p -|- 1-forms which 
couple to the super-p-brane. 
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